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Outline of my talk 

Mul%‐ Ref. (MR)‐GCM  
Some 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on symmetry breaking and  
Restora%on in Energy Density Func%onal theory    

Self‐interac%on problem 

Hamiltonian vs EDF 

Density 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interac%on ? 

Can we 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the MR‐EDF as a func%onal theory?  

Proposi%on of a different strategy to break and restore symmetry in EDF :  
The Symmetry‐Conserving EDF concept 

Applica%on to Par%cle number Restora%on 

Examples of 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of Projec%on before or 
 ATer varia%on to light and medium mass nuclei  

DFT for small superconductors  



Single Reference (SR)‐ 
Mean‐Field 

Configura1on Mixing within Energy Density Func1onal 

Sly4‐Bender,Bertsch,Heenen, PRL (2005) 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Breaking and restoring symmetries 
Inclusion of correla%on through symmetry breaking: 

EDF breaks as much as possible symmetries  
to incorporate correla%ons  

Few examples 

•  transla%onal invariance 

Lab frame 

[Ĥ, P̂cm] != 0

[Ĥ, Ĵ ] != 0•  Rota%onal invariance 

•  U(1) symmetry   [Ĥ, N̂ ] != 0 Pairing  
Correla%ons 

‐ 
Odd‐even effects 

Quadrupole  
Correla%on 

‐ 
Rota%onal   
Bands 

Surface  
Vibra%on 

In all cases: 

Ring and Schuck book (1980) 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Some recent discussions: specific aspects of EDF 

M=9 
19 
39 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99 

M=9 

M=99 

Divergence 

Jump Mul%‐ Ref. (MR)‐GCM  

M: number of 
Mesh points 

Only func1onal of ρ, ρ2, ρ3, ρ4, ρ5 could be used, 
not ρα !!

Applica1on of conf. mixing in EDF 
Needs to be regularized  

Lacroix et al, PRC79 (2009),  
Bender et al, PRC79 (2009), 
Duguet et al, PRC79 (2009) 

The very no1on of symmetry restora1on  
in EDF needs to be clarified 

T. Duguet and J. Sadoudi, J. Phys. G 37 (2010) 

What should be the density to be used in the effec1ve interac1on ? 

Taken from 
L. M. Robledo, J. Phys. G 37 (2010) 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Configura%on mixing as a func%onal theory 
The two‐body Hamiltonian case: what is a func%onal of what? 

H =
∑

ij

tij a†i aj +
1
4

∑

ijkl

v̄ijkl a
†
i a†j al ak

Mean‐Field (with Pairing) 

|Φ0〉 = Πβ†
α|−〉

〈H〉 =
∑

i

tiiρii +
1
2

∑

i,j

vijijρiiρjj +
1
4

∑

i,j

viı̄j̄κ
∗
iı̄κj̄

= ESR [ρ, κ,κ∗]

Φ0 → {ρ, κ}→ ESR

Φ0 → {ρQQ′
, κQQ′

, κ∗QQ′
}→ EMR

EMR =
∫∫

dQdQ′N (Q, Q′)ESR(ρQQ′
, κQQ′

, κ∗QQ′
)

Projec%on 

=
∫

dQf(Q)|Φ(Q)〉

|ΨΩ〉 = PΩ|Φ0〉
EMR =

∑

ij

tij ρΩ
ij +

1
4

∑

ijkl

v̄ijklR
Ω
kl,ij

Alterna%ve formula%on 

|ΨΩ〉 = PΩ|Φ0〉

+
1
4

∑
v̄ijkl〈a†i a†j al ak〉Ω

EMR =
∑

tij 〈a†i aj〉Ω

Φ0 → ΨΩ → {ρΩ, RΩ}→ EMR



What about the EDF theory? 
The par%cle number restora%on case |ΨN 〉 = PN |Φ0〉

PN =
1
2π

∫ 2π

0
dϕ eiϕ(N̂−N)

Mean‐Field (with Pairing) 

|Φ0〉 = Πβ†
α|−〉

+
1
2

∑
vρρ

ijijρiiρjj +
1
4

∑
vκκ

iı̄j̄κ
∗
iı̄κj̄

ESR [ρ, κ,κ∗] =
∑

tiiρii

Φ0 → {ρ, κ}→ ESR

Projec%on 

EN [ΨN ] ≡
∫ 2π

0
dϕ ESR

[
ρ0ϕ, κ0ϕ, κϕ0#

]
NN (0, ϕ)

Φ0 → {ρ0ϕ, κ0ϕ, κ∗0ϕ}→ EN

Alterna%ve formula%on ? 

For non‐density dependent effec%ve int. 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dϕκϕ0
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&
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iı̄ NN (0, ϕ) ,

OK 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What about the EDF theory 
The par%cle number restora%on case 

Mean‐Field (with Pairing) 

Projec%on 

|Φ0〉 = Πβ†
α|−〉

Alterna%ve formula%on ? 

|ΨN 〉 = PN |Φ0〉

PN =
1
2π

∫ 2π

0
dϕ eiϕ(N̂−N)

+
1
2
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EN [ΨN ] ≡
∫ 2π

0
dϕ ESR

[
ρ0ϕ, κ0ϕ, κϕ0#

]
NN (0, ϕ)

Φ0 → {ρ, κ}→ ESR

For non‐density dependent effec%ve int. 

Φ0 → {ρ0ϕ, κ0ϕ, κ∗0ϕ}→ EN

ATer regulariza%on proposed in 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Lacroix, Duguet, Bender, PRC79 (2009) 



What about the EDF theory 
The par%cle number restora%on case 

Mean‐Field (with Pairing) 

Projec%on 

|Φ0〉 = Πβ†
α|−〉

Alterna%ve formula%on ? 

|ΨN 〉 = PN |Φ0〉

PN =
1
2π

∫ 2π

0
dϕ eiϕ(N̂−N)

+
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ijijρiiρjj +
1
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∑
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ESR [ρ, κ,κ∗] =
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tiiρii

EN [ΨN ] ≡
∫ 2π

0
dϕ ESR

[
ρ0ϕ, κ0ϕ, κϕ0#

]
NN (0, ϕ)

Φ0 → {ρ, κ}→ ESR

For non‐density dependent effec%ve int. 

Φ0 → {ρ0ϕ, κ0ϕ, κ∗0ϕ}→ EN

ATer regulariza%on proposed in   
Lacroix, Duguet, Bender, PRC7 (2009) 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Discussion 
The Symmetry Conserving EDF 

Direct formula%on:  

ΨN → {ρN , RN}→ ESC(ρN , RN )
Advantages 

the func%onal is automa%cally 
symmetry conserving. 

It is equivalent to MR‐EDF for  
non density dependent term 

It could be extended to dens. 
dependent interac%on 

vρρ[ρ] =⇒ vρρ[ρN ] , vκκ[ρ] =⇒ vκκ[ρN ]

Φ0
ΨN
ρN

It is a natural extension of  
SR‐EDF 

It is free of jumps/divergence 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Hupin, Lacroix, Bender, (2011) arXiv  1105.4084 



Varia%on ATer Projec%on: the projected BCS case  
ΨN → {ρN , RN}→ ESC(ρN , RN )

Func%onal: 

EN [ΨN ] =
∑

i

tiin
N
i +

1
2

∑

i,j,j !=ı̄

vρρ
ijijR

N
ijij +

1
4
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N
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vκκ
iı̄iı̄n

N
i (1− nN

i )

|ΨN 〉 = PNΠ(ui + via
†
ia

†
ī
)|−〉

Trial state:  

Minimiza%on:  

∂EN

∂v2
i

= 0
∂EN

∂ϕ∗
i (r)

= 0

Sheik, Ring, NPA665 (2000),  
Dietrich et al, PRB135 (1964) 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 76Kr 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Hupin, Lacroix, in prepara7on 

Applica%on: 76Kr 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= 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the projected 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case 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Func1onal based on natural occupancies 

Mean‐Field  
+ Pairing 

MF + Pairing 
+Conf. Mixing 

Mean‐Field (EDF) 

Exact solu1on 

Star1ng point 

Varia1onal  
parameters 

or  ΨN → {ρN , RN}→ ESC(ρN , RN )

C12 = R12 − ρ1ρ2(1− P12)

ρN =
∑

|ϕi〉nN
i 〈ϕi|

If  RN = F(nN
i , ϕi) ESC = ESC(nN

i , ϕi)

Density Matrix Func1onal Theory 



Some Related approaches  

Occupation-number based energy functionals 
Lieb (1983), Papenbrock, Bhaiacharyya, PRC75 (2007) ; Bertolli, Papenbrock, PRC78 
(2008) ; Lacroix, PRC79 (2009) 

with 

BCS, RPA, NLO… 

• Richardson model 
• 2‐ and 3‐level Lipkin 
• Some mo1va1on for the Duflo‐Zuker mass formula 

Homogeneous Electron Gas 

Electrons rela1ve distance 

From Csanyi et al, PRA65 (2002) 

Co
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Exact 

Density Matrix Functional Theory (DMFT) for electronic systems
Gilbert (1975). Klooster, hip://theochem.chem.rug.nl/publica1ons/Abstracts.html#587. 

DMFT for self-bound systems ?

DMFT for excited states?

More than ground state :
dynamics ?

DMFT with symmetry breaking?



Cij =
x∗i xj

(|xi|2 + 1)(|xj |2 + 1)

ni =
|xi|2

(|xi|2 + 1)

Func1onal Theory for Pairing with par1cle number conserva1on 
BCS vs Projected BCS state 

Test on a model case : Pairing Hamiltonian  

E → E(ni, Cij) =
∑

i

εini +−g

2

∑

i,j

Cij ni =
〈Φ|a†iai|Φ〉

〈Φ|Φ〉 , Cij =
〈Φ|a†ia

†
ī
aj̄aj |Φ〉

〈Φ|Φ〉with 

E({xi})

PBCS  

|N〉 =

(
∑

i

xia
†
ia

†
ī

)N

|−〉

BCS  

|BCS〉 ∝
∏

i

(1 + xia
†
ia

†
ī
)|−〉

xi = (vi/ui)

ni = N |xi|2
∑!=

(i1,···iN−1) !=(i) |xi1 |2 · · · |xiN−1 |2
∑!=

(i1,···iN ) |xi1 |2 · · · |xiN |2

Cij = Nx∗i xj

∑"=
(i1,···iK) "=(i,j) |xi1 |2 · · · |xiK |2
∑"=

(i1,···iN ) |xi1 |2 · · · |xiN |2

Sandulescu and Bertsch, PRC 78 (2008) 



Func1onal Theory for Pairing with par1cle number conserva1on 
BCS vs Projected BCS state 

Illustra%on: Richardson Hamiltonian  

E → E(ni, Cij) =
∑

i

εini +−g

2

∑

i,j

Cij ni =
〈Φ|a†iai|Φ〉

〈Φ|Φ〉 , Cij =
〈Φ|a†ia

†
ī
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ni =
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Cij =
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(|xi|2 + 1)(|xj |2 + 1)

ni = N |xi|2
∑!=

(i1,···iN−1) !=(i) |xi1 |2 · · · |xiN−1 |2
∑!=

(i1,···iN ) |xi1 |2 · · · |xiN |2

Cij = Nx∗i xj
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(i1,···iK) "=(i,j) |xi1 |2 · · · |xiK |2
∑"=

(i1,···iN ) |xi1 |2 · · · |xiN |2

|xi|2 =
ni

(1− ni) ? E({ni})

E({xi})



Explicit Func1onal of occupa1on numbers for Pairing 

xi = F(ni)ni = N |xi|2
∑!=

(i1,···iN−1) !=(i) |xi1 |2 · · · |xiN−1 |2
∑!=

(i1,···iN ) |xi1 |2 · · · |xiN |2
? 

A new systema%c 1/N expansion beyond BCS:  

|xi|2 !
(

ni

1− ni

) {
1

− 1
N

ni

+
1

N(N − 1)

∑

j !=i

n2
j [1− (ni + nj)]

+
1

N(N − 1)(N − 2)

!=∑

k,j

n2
jn

2
k [2− (ni + nj + nk)]

+ · · ·
}

BCS  

Lacroix and Hupin, PRB82 (2011). 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Explicit Func1onal of occupa1on numbers for Pairing 

All contribu%ons can be approximately summed to give:  

|xi|2 =
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)
[a0 + a1ni + · · · ] a1 = − 1
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a0 = 1− (s2 − s3)
∂a1

∂s2
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1
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n3
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4 par%cles  16 par%cles  44 par%cles 

Applica%on 

BCS  

Exact  

New func. 

BCS 

Lacroix and Hupin, PRB82 (2010),  
Hupin, Lacroix, PRC83 (2011) 



Summary 

Summary 

Analysis of configura1on mixing within EDF 

Outlooks 

Systema1c Nuclear Structure study with Varia1on Aeer projec1on 

Time‐Dependent EDF with pairing 

Thermodynamics of systems with pairing 

In some cases, the MR‐EDF can be interpreted as a func1onal  
Of the one‐ and two‐body density of the projected state 

ΨN → {ρN , RN}→ ESC(ρN , RN )

This provides a different way to perform projec1on in EDF 

No pathologies 

Consistent with SR‐EDF 

Directly applicable (PAV and VAP) 

We further simplify the problem using DMFT 

ΨN → {nN
i , ϕi}→ EMR



Standard treatment of Pairing  BCS   Projec%on  

ENEPBCS(nBCS
i )

Explicit Func1onal of occupa1on numbers for Pairing } New func%onal theory: 
E(ni)

Here the ni should be  
interpreted as the physical 
occupa%on numbers Example of occupa%on number : 

Below BCS thres.  Above BCS thres. 

1 10-3

1 10-2

3 6
2
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1 10-1
2

3 6

n
i
(1

−
n

i)

εi/∆ε
εi/∆ε

εi εi

Exact  New func. 

BCS 


